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Quantum theory predicts that entanglement can also persist in macroscopic physical systems,
albeit difficulties to demonstrate it experimentally remain. Recently, significant progress has been
achieved and genuine entanglement between up to 2900 atoms was reported. Here we demonstrate
16 million genuinely entangled atoms in a solid-state quantum memory prepared by the heralded
absorption of a single photon. We develop an entanglement witness for quantifying the number of
genuinely entangled particles based on the collective effect of directed emission combined with the
nonclassical nature of the emitted light. The method is applicable to a wide range of physical systems
and is effective even in situations with significant losses. Our results clarify the role of multipartite
entanglement in ensemble-based quantum memories as a necessary prerequisite to achieve a high
single-photon process fidelity crucial for future quantum networks. On a more fundamental level,
our results reveal the robustness of certain classes of multipartite entangled states, contrary to,
e.g., Schrödinger-cat states, and that the depth of entanglement can be experimentally certified at
unprecedented scales.
A clear picture of large-scale entanglement with its
complex structure is so far not developed. It is however
important to understand the role of different facets of
multipartite entanglement in nature and in technical ap-
plications [1, 2]. For example, the so-called Schrödinger
cat states [3] are fundamentally different from a single
photon coherently absorbed by a large atomic ensemble;
even though both are instances of multipartite entangle-
ment [4, chapter 16.5]. The theoretical study of large-
scale entanglement has to be followed by an experimen-
tal demonstration, which consists of two basic steps: the
preparation of an entangled system and a subsequent ap-
propriate measurement verifying the presence of entan-
glement. In the context of entanglement in large systems,
the preparation of entanglement is generally much sim-
pler than its verification. For example, single-particle
measurements are often not possible and collective mea-
surements are typically restricted to certain types and
are of finite resolution. These limitations call for new
witnesses that allow one to certify entanglement based
on accessible measurement data.
The concept of entanglement depth [5] was shown to
be meaningful for and applicable to large quantum sys-
tems. It is defined as the smallest number of genuinely
entangled particles that is compatible with the measured
data. This allows one to witness at least one subgroup
of genuinely entangled particles in a state-independent
and scalable way. Large entanglement depth was suc-
cessfully demonstrated with so-called spin-squeezed and
oversqueezed states by measuring first and second mo-
ments of collective spin operators [6–9]; lately up of 680
atoms [10]. Similar ideas were realized for photonic sys-
tems [11, 12]. Recently, a witness was proposed that is
designed for the W state, which is a coherent superpo-
sition of a single excitation shared by many atoms [13].
Based on this witness, an entanglement depth of around
2900 was measured [14]. However, these witnesses do not
detect entanglement when the vacuum component of the
state is dominant [13], even though the W state is known
to be quite robust against various sources of noise, in
particular, against loss of particles and excitation [15].
Hence, much larger values for the entanglement depth
could be expected.
In this paper, we present theoretical methods and ex-
perimental data that verify a large entanglement depth in
a solid-state quantum memory. A rare-earth-ion-doped
crystal spectrally shaped to an atomic frequency comb
(AFC) is used to absorb and re-emit light at the single-
photon level [16–19], where at least 40 billion atoms col-
lectively interact with the optical field. Using the mea-
sured photon number statistics of the re-emitted light
we collect partial information about the quantum state
of the atomic ensemble before emission. Then, we show
that certain combinations of re-emission probabilities for
one and two photons imply entanglement between a large
number of atoms. With the measured data from our
solid-state quantum memory we demonstrate insepara-
ble groups of entangled particles containing at least 16
million atoms.
RESULTS
Before discussing the experiment, we give an intuitive
explanation for the appearance of large entanglement
depth when a large atomic ensemble coherently interacts
with a single photon (see Fig. 1(a)). Suppose that N two-
level atoms (|g〉 and |e〉 denote ground and excited state,
respectively), couple to a light field. The quantised inter-
action in the dipole approximation is described by [20]
Hint =
∑
j,~k
e−i~k·~rja~kσ
(j)
+ + e
i~k·~rja†~kσ
(j)
− , (1)
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Figure 1. Basic intuition and experimental setup. (a) When atoms spontaneously emit photons, phase coherence between the
atoms leads to constructive interference and enhanced emission probability in a certain direction, measured by a single photon
detector (SPD). Emission in any other direction is incoherent and hence not enhanced. If this phase coherence is generated
by absorbing a single photon, the atoms are necessarily entangled. (b) The experiment consists of the heralded single photon
source, the quantum memory (QM), the detection system in the forward mode ~kf and the fluorescence measurement in the
backward mode ~kb of the QM. The source is based on a spontaneous parametric down conversion process. A periodically poled
KTP (ppKTP) waveguide is pumped by a monochromatic laser at 532 nm wavelength which leads to the generation of photon
pairs. They contain signal (idler) photons at 883 nm (1338 nm) wavelength spatially separated by a dichroic mirror (DM). The
detection of the idler photon (D(i)) heralds the presence of the signal photon in a well defined spectral, temporal and polarization
mode. The heralded single photon is absorbed by the quantum memory which is based on two Nd3+:Y2SiO5 crystals. A double-
pass configuration is used to enhance the absorption process. To estimate p1 and p2, the one- and two-photon probabilities from
the re-emission process are measured in the forward direction, ~kf , using a fiber-based 50/50 beamsplitter (BS) and two SPDs
D
(s)
1 and D
(s)
2 . In order to measure the number of atoms N , the single photon source is replaced by a bright coherent state
created using an electro-optical modulator (EOM). This increases re-emission intensities in forward and backward direction.
The backward direction is measured by placing a polarization beamsplitter (PBS) in the input mode of the memory and using
a SPD D(b).
that is, a single photon with wave vector ~k is annihi-
lated by exciting atom j via σ+ |g〉 = |e〉 and vice versa.
The phase is given by the scalar product between ~k and
the position ~rj of the atom. When an incoming light
field is absorbed via interaction (1), the imprinted phase
relation between the atoms serves as a memory for the
direction and the energy of the absorbed photons. With-
out this information, a spontaneous, directed re-emission
is not possible. In other words, phase coherence between
the atoms is necessary in order to a have well-controlled
re-emission direction [21, 22]. Now, depending on the na-
ture of the absorbed light, this coherence implies entan-
glement between the atoms or not. On the one hand, the
absorption of a coherent state leads to a coherent atomic
state, which is unentangled [4, chapter 16.7]. On the
other hand, if a single photon |1〉 is absorbed, the quan-
tisation of the field leads to a W state (or Dicke state with
a single excitation) of the atomic state [4, chapter 16.5]
|1〉 → |D1〉 ∝
∑
j
e−i~k·~rj |g . . . gejg . . . g〉 . (2)
Then, the ensemble is genuinely multipartite entangled
[15]. These examples suggest a generic relation between
directed emission, single-photon character of the emitted
light and large entangled groups.
In our experiment, we use a neodymium-based solid-
state quantum memory operating at a total read-write
efficiency of 7% (see Fig. 1(b)). This memory was demon-
strated to be capable of storing different types of photonic
states and preserving state properties such as the single-
photon character [17, 19, 23–25]. A heralded single pho-
ton is produced via spontaneous parametric down con-
version [26] and coupled to the atomic ensemble, which
was prepared in the ground state |D0〉 = |g〉⊗N . After
a 50 ns delay time, the coherent excitation is sponta-
neously re-emitted in forward direction and detected. In
practice, this optical state is not exactly a single pho-
ton. Due to losses at different levels, the state contains
a large vacuum component. Also higher photon compo-
nents are present. However, since directed emission and
non-classical photon number statistics are largely pre-
served, entanglement between large groups of atoms is
expected.
In order to certify this entanglement, we develop the
following entanglement witness (see Methods for details).
Suppose a pure state that is subdivided into a product
of M groups
|ψ〉 = |φ1〉 ⊗ · · · ⊗ |φM 〉 , (3)
where the |φi〉 are arbitrary. Phase coherence between
the groups imply that each group has to carry some exci-
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Figure 2. Illustration of the basic ansatz and results of the entanglement witness. (a) The colored areas in the ensemble
are genuinely entangled, while no entanglement is present between the groups. (b) The minimization of the two-excitation
probability p2 for given single-excitation probability p1 and number of separable groups M leads to lower bounds which are
independent of N if N  1. The central region in the plot is spanned by separable states (i.e., M = N). Entanglement is
required to reach smaller p2 while keeping p1 constant. The number next to a colored line is the maximal M that is compatible
with data points on this line. This M is then used to bound the entanglement depth K = N/M . The four black crosses are
data points from the experiment including one standard deviation, where different levels of inefficiencies are taken into account.
The numbers (i) to (iv) correspond to the description in the text and table I. A maximization of p2 given p1 and M would be
necessary to make statements about the gray top zone (Undetermined).
tation. This necessarily amounts to an emission spectrum
that also contains multi-photon components.
To be more specific, we consider the probabilities of
the atoms emitting one and two photons, p1 and p2, re-
spectively. In the low-excitation limit (see Methods),
these probabilities correspond to p1 = | 〈D1| ψ〉 |2 and
p2 = | 〈D2| ψ〉 |2, where
|D2〉 ∝
∑
j<l
e−i~k·(~rj+~rl) |g . . . gejg . . . gelg . . . g〉 , (4)
that is, the phase-coherent superposition of two excitia-
tons. As shown in the Methods, it is possible to find
the minimal p2 for a given p1 within the class (3) with
fixed M . By varying p1 and M one finds a lower bound
on p2 as a function of p1 and M . Given the linearity of
p1 and p2 when mixing states like in Eq. (3) (with arbi-
trary grouping but lower-bounded M), the extension of
the bound to mixed states is straightforward. Examples
of such lower bounds are shown in Fig. 2. Note that
the bounds are independent of N if N  1. Comparing
the lower bounds with experimental data in turn gives an
upper bound on M and, by additionally measuring N , a
lower bound on the entanglement depth, which simply
reads K = N/M .
Experimentally, p1 is obtained from the probability to
measure a single re-emitted photon in the forward mode
(~kf in Fig. 1 (b)) at a predetermined time, which we her-
ald by the detection of the idler photon at the source.
The value of p2 corresponds to the two-photon statistics
of the re-emitted light in the ~kf mode. It is inferred from
the measured autocorrelation function g(2)ss|i = 2p2/p
2
1
and p1. The identification of photonic Fock states with
atomic Dicke states is possible because the memory is
initially prepared in the ground state and because of the
photon number statistics of the source (see Methods).
From the raw data, we find p1 = 2.3(3) × 10−3 and
p2 = 5(2) × 10−8. The relatively small value of p1 is
a product of the efficiencies of the source, the memory
and detectors. The partial subtraction of these losses
leads to different values of the effective p1 (see Fig. 2,
table I and Methods): (i) raw data; (ii) subtraction of
detector noise, that is, the actual value for the emitted
light; (iii) subtraction of the re-emission inefficiency, that
is, the single-excitation component of the atomic ensem-
ble just before emission; (iv) subtraction of phase noise
during storage, that is, overlap with the |D1〉 state right
after absorption. The values of p2 directly follow using
the measured autocorrelation function g(2)ss|i = 0.020(3),
which is –under conservative assumptions– not affected
by this modeling.
A key element in the experiment is the high-precision
measurement of N . For this, the relation between en-
semble size and directionality of the re-emitted light is
exploited. The ratio of the coherent emission in the for-
ward direction and the incoherent emission in the back-
ward direction is a lower bound on the number of res-
onant atoms [22]. Since incoherent emission from single
photons is much lower than detector dark counts, the sin-
gle photon source is replaced by a bright coherent state
for this measurement (see Fig. 1(b) and Methods) and we
find N ≥ 4.0(1)× 1010. The resulting K depends on the
level of modeling (i) to (iv) as mentioned before (see ta-
4Level of modeling p1 K K − 3σ
(i) raw data 0.0023(3) 4.76× 105 7.54× 104
(ii) after re-mission 0.013(2) 1.64× 107 3.72× 106
(iii) before re-mission 0.016(2) 2.46× 107 5.24× 106
(iv) after absorption 0.16(1) 3.23× 109 2.09× 109
Table I. Results for entanglement depth K. Depending on
the level of modeling the inefficiencies of the experimental
setup, different values for p1 and hence for K are obtained
(cf. Fig. 2(b)). By sampling p1, p2 and N around the mea-
sured values within the estimated uncertainties, we calculate
the expected entanglement depth K. The values in the last
columns are lower bounds on K with confidence 3σ = 99.7%.
ble I). Our data analysis illustrates how decoherence and
noise reduces the certifiable entanglement depth. Im-
mediately after absorption of the single photon (iv) we
have an entanglement depth of about 109; this reduces to
about 107 just before and immediately after re-emission
(iii) and (ii), respectively, while when taking into account
all losses and detector inefficiencies the certifiable entan-
glement depth drops to about 105 (i). In our opinion, a
conservative but reasonable number of the certified en-
tanglement depth is 107. Indeed, on the one side the
entanglement depth of 109 in (iv) relies more on our the-
oretical model than on our data, while on the other side
the 105 value in (i) takes into account well-understood
losses that are not part of the physical phenomenon we
like to certify.
DISCUSSION
This work demonstrates that large entanglement depth
is experimentally certifiable even with atomic ensembles
beyond 1010 atoms and low detection and re-emission ef-
ficiencies. We prove that entanglement between many
atoms is necessary for the functioning of quantum mem-
ories that are based on collective emission, because the
combination of directed emission (i.e., high memory ef-
ficiency) and preservation of the single-photon character
imply large entanglement depth.
Our results further illustrate the fundamental differ-
ence between various manifestations of large entangle-
ment. The scales at which we observe entanglement
depth seem to be completely out of reach for other types
of large entanglement, such as Schrödinger-cat states
[2, 27].
As detailed in the Methods, our reasoning is based on
two steps. First, a model-independent witness for en-
tanglement depth is derived, which only depends on the
overlap of the atomic state with |D1〉 and |D2〉 as well
as the total number of atoms, N . In the experiment,
we measure the probabilities p1 and p2 for one and two
photons, respectively, emitted from the atomic ensemble.
The second step consists in identifying p1 and p2 with the
probabilities of the atomic ensemble being in the |D1〉
and |D2〉 state before the re-emission, respectively. This
step as well as the measurement of N are based on some
assumptions regarding the atomic ensemble, the single-
photon source and the light-matter interaction, Eq. (1).
In addition, our claimed entanglement depth in the or-
der of 107 takes finite detector efficiencies into account.
We emphasis, however, that these assumptions have been
thoroughly tested in the classical and quantum regime
in many previous experiments. Further note that the
entanglement depth is generated by a probabilistic but
heralded source. Hence no post-selection has been made
in our experiment.
We report lower bounds on the minimal number of
genuinely entangled atoms, which should not be con-
fused with quantifying entanglement with an entangle-
ment measure. Indeed, the nature of the target state,
the W state |D1〉, and the experimental challenges sug-
gest that only a small amount of entanglement is present
in the crystal during the storage.
We note that entanglement between many large groups
of atoms in a solid is demonstrated in a parallel submis-
sion by P. Zarkeshian et al., where the coherence between
these groups is revealed by analyzing the temporal profile
of the re-emission in the forward direction.
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METHODS
Heralded single photon source
The single photon used to prepare the entangled state
of the atomic ensemble is generated using spontaneous
parametric down conversion (SPDC). A 2 mWmonochro-
matic continuous-wave 532 nm laser pumps a periodically
poled potassium titanyl phosphate (ppKTP) waveguide
to generate the signal and idler photons at 883 nm and
1338 nm, respectively. The two down-converted photons
are energy-time entangled. The narrow spectral filtering
of the signal (idler) photon is performed using a Fabry-
Perot cavity with a linewidth of 600 MHz (240 MHz) [26].
5The detection of the idler photon heralds the presence
of a signal photon in a well defined spectral, temporal
and polarization mode. The heralded single photon is
then absorbed in the quantum memory. The zero-time
second-order autocorrelation of the heralded single pho-
ton before storage in the quantum memory was measured
to be gss|i = 0.0055(2) when using a 1.2 ns coincidence
window. The idler mode is detected by an InGaAs/InP
single-photon detector ID220 from ID Quantique (20%
detection efficiency), while the signal mode is analysed
using silicon avalanche photodiodes from Perkin Elmer
(30% detection efficiency).
Solid-state quantum memory
The single-photon storage is performed using a
broadband and polarization-preserving quantum mem-
ory [19] realized by placing two 5.8 mm-long 75 ppm
Nd3+:Y2SiO5 crystals around a 2 mm-thick half-wave
plate. An atomic frequency comb is prepared on the cen-
ter of the Nd3+ ions transition at 883 nm (absorption
line 4I9/2 −→ 4F3/2) by optical pumping. Using optical
path consisting of acousto-optic and phase modulators
we create a 600 MHz comb with a spacing of 20 MHz
between the absorption peaks [24]. The resulting optical
depth of the absorption peaks is d = 2.0±0.1. This value
was doubled using a double pass propagation through the
crystals (Fig. 1(b)). The overall single photon efficiency
of the AFC quantum memory is 7(1)% with a 50 ns stor-
age time. The absorption probability of one photon by
the crystal was estimated to be 82(1)%, which was ob-
tained from the probability for the single photon to be
transmitted.
One- and two-photon probabilities
The one-photon and two-photon probabilities in the
forward mode are obtained as follows. First, the trans-
mission probability along the path from the photon pair
source to the single-photon detectors was carefully esti-
mated using heralded single photons. The overall trans-
mission consists of (i) the heralding probability of the sin-
gle photon before the quantum memory 19(1)%; (ii) the
overall quantum memory efficiency 7(1)%; and (iii) the
detection efficiency including the transmission of the sys-
tem 17(1)%. From this we found that the total probabil-
ity to detect a single photon reemitted from the crystal is
p1 = 2.3(3)× 10−3. Then, the probability p2 can be esti-
mated from a measurement of the zero-time second-order
autocorrelation function g(2)ss|i = 2p2/p
2
1. We measured
g
(2)
ss|i = 0.020(3). This value is higher than the one before
the storage, which is due to spurious noise coming from
the photon pair source [28]. The probability to detect
two photons is estimated to be p2 = 5(2)× 10−8.
To connect the experimental observation of one and
two photons with p1 = 〈D1| ρ |D1〉 and p2 = 〈D2| ρ |D2〉,
respectively, some details have to be clarified. First, we
note that the actual coupling between light and atoms
is not uniform as in Eq. (1) due to position dependent
field intensities and the inhomogeneous broadening of the
atomic ensemble. However, it is possible to mathemat-
ically replace this by an ideal, uniform coupling with a
reduced ensemble size [29]. We expect that replacing an
ensemble by a smaller one only lowers the bounds on en-
tanglement depth. Since N  1 and the weak coupling
between the field and a single atom, the dynamics from
Eq. (1) are well approximated by a first-order expansion
of the Holstein-Primakoff transform [30], that is, the lin-
ear regime
U†a~kU =
√
ηN−1/2S~k− +
√
1− ηa~k, (5)
where η is the transfer efficiency and S~k± =∑N
j=1 e
∓i~rj ·~kσ(j)± are the creation and annihilation opera-
tors for a collective atomic excitation (up to the normal-
ization factor N−1/2; see [31]). All formulas in this paper
are based on this approximation and the next-order cor-
rection O(1/N) is omitted.
Second, the states |D1〉, Eq. (2), and |D2〉, Eq. (4), are
not the only ones that give rise to the emission of one and
two photons, respectively. Let us introduce the canonical
basis {|j,m, α〉~k}j,m,α for the angular momentum opera-
tors Sz = 12 [S
~k
+, S
~k
−] and S2~k = S
2
z +
1
2{S
~k
+, S
~k
−}, where
S2~k |j,m, α〉~k = j(j + 1) |j,m, α〉~k and Sz |j,m, α〉~k =
m |j,m, α〉~k. The third quantum number α labels the de-
generacies for asymmetric states. For η = 1, any atomic
state |j,−j + l, α〉~k with N/2− j = O(1) (low-excitation
limit) and ~k the forward mode transforms via Eq. (5)
to the photonic Fock state |l〉. Now, assuming that the
single photon source is the only source of coherent excita-
tion, the population of the subspaces N/2+m is strongly
decaying with m, such that the overlap of the atomic
state before re-emission with |D1〉 ≡ |N/2,−N/2 + 1, 1〉~k
is much larger than with the entire subspace spanned by
{|j,−j + 1, α〉~k}j<N/2 (i.e., the nonsymmetric subspace
emitting a single photon). Using the g(2)ss|i directly mea-
sured at the source, it can be estimated that corrections
taking the nonsymmetric subspace into account are much
smaller than the uncertainty of the measured p1. A sim-
ilar argument applies to the two-photon emission.
Finally, the memory preparation ideally sets the
atomic ensemble to the ground state. In practice, we es-
timate that roughly 10−5×N atoms are at the end of the
preparation phase in the excited state without any phase
coherence between them. In the linear regime, these ex-
citations simply drop out from all calculations and can
hence be safely ignored.
6Number of atoms in the atomic ensemble
Another parameter is the number of atoms N partic-
ipating to the collective atomic mode, which was esti-
mated with a separate measurement. The ratio between
coherent (signal) and incoherent (noise) emission from
the atomic ensemble was used to estimate the number
of atoms coupled to the optical mode. A simple model
for this signal-to-noise ratio (SNR) was developed, where
the number of atoms N is a free parameter. By inde-
pendent characterization of the remaining other param-
eters and by measuring the SNR, we obtain and esti-
mate of N . Intuitively, this is based on the fact that
the re-emission from the atomic ensemble is enhanced
in the spatial mode of the incident single photon, due to
the constructive interference between all the atoms which
have collectively absorbed the single photon. This prob-
ability ideally equals to Nps, where ps is the probability
for spontaneous emission of a single atom [22]. In any
other mode, including the backward mode, there is no
collective enhancement, and the probability of an inco-
herent re-emission is just ps. Hence, the SNR is given
by N in the ideal case where no other source of noise is
present.
In principle, one could measure the SNR from the prob-
ability to detect the heralded single photon in the back-
ward mode. In practice, this cannot be done because
N ∼ 1010. The incoherent re-emission probability is ex-
tremely small and is therefore lost in the noise due to
detector dark counts and spurious light. To overcome
this limitation, strong coherent state pulses with mean
photon number |α|2 up to 106 were used instead to es-
timate the SNR. This value is still much lower that the
total number of atoms which keeps the interaction in lin-
ear regime. In this case the noise becomes less important
and the true incoherent re-emission can be measured. To
detect it with a low noise level we used a Picoquant sil-
icon avalanche photodiode detector with 35% efficiency
and 4 Hz dark count rate.
To perform the SNR measurement the forward ~kf and
the backward ~kb spatial modes were used to measure sig-
nal and noise, respectively (see Fig. 1(b)). For each mode
spatial filtering was performed using single-mode fibers.
This allowed us to confirm that modes in both directions
(forward ~kf and backward ~kb) are probing the same vol-
ume of the QM. For this the light was sent in both di-
rections and the coupling was aligned simultaneously for
both couplers after the PBS, as shown in Fig. 1(b). Fur-
thermore, the incoherent re-emission from the strong co-
herent state pulses was detected simultaneously in both
modes. By applying corrections for diverse optical losses
the ratio between the intensities in both modes was found
to be very close to 1 as expected (see the Supplementary
Information). This confirms that the forward ~kf and
backward ~kb modes correspond to the coherent and in-
coherent re-emission modes defined by our model. Note
that any systematic error that leads to an underestimated
signal or to overestimated noise only reduces the inferred
N and hence leads to an underestimated entanglement
depth. For example, scattered photons from the ~kf mode
that could have been mistakenly collected in the ~kb mode
would increase the noise and hence would lead to an un-
derestimated N . We are not aware of any systematic
error in our experiment that would let us overestimate
N .
Using a coherent state pulse with a mean number of
photons equal to |α|2, the signal is proportional to η|α|2,
where η is the re-phasing efficiency of the quantum mem-
ory. The incoherent re-emission in the backward mode
is proportional to |α|2/N + δ, where δ is a noise proba-
bility. Hence, the SNR is given by η|α|2/(|α|2/N + δ),
from which N can be obtained (see Supplementary In-
formation). From this, the number of atoms was found
to be N = 4.0(1)× 1010. An estimate for the number of
atoms obtained by considering the doping concentration,
the length of the crytals and the size of the optical mode
roughly gives 3 × 1011, which confirms at least the or-
der of magnitude. Note, however, that the latter method
comes with much larger uncertainties and therefore we
rely only on the first number.
Ansatz for M-separability
We now give some details for the derivation of a lower
bound of p2 given p1 and the ansatz state (3). We start
with the ansatz that for every pure state decomposition
of an atomic state the pure states are separable between
at least M groups (where each group is genuinely mul-
tipartite) and there exists at least one pure state in ev-
ery decomposition that consists of exactly M separable
groups. Such a state is called M -separable. In princi-
ple, the sizes of the groups are independent from each
other as long as the total number of atoms is conserved.
However, we fix the group size K to be constant, that
is, MK = N for the following reason. Our final goal
are bounds on numbers of entangled atoms. This is a
“min-max” problem. For every possible state the entan-
glement depth is the size of the largest entangled group
in the state. By varying the state, our task is to find
a state such that this largest group is minimized. From
this, it follows that it is best to have an equal size for all
groups in order to avoid few very large groups. Clearly,
if we fix N andM , K does not have to be an integer. So,
generally, one has to reduce the size of one group such
that (M − 1)K + K ′ = N . However, we will consider
many groups such that the size of a single group is in the
order of or smaller than the uncertainty of N . Hence a
detailed analysis with K ′ < K is not necessary.
Since we are concerned with at most two excitations in
7total, it is sufficient to work with pure states of the form
|ψ〉 =
M⊗
i=1
(ai |d0〉+ bi |d1〉+ ci |d2〉) , (6)
where |dk〉 here refers to Dicke states within one group,
that is, symmetric superposition of k excitations. With
this ansatz, the probabilities read
p1 =
|A|2
M
∣∣∣∣∣∑
i
bi
ai
∣∣∣∣∣
2
(7)
and
p2 =
|A|2
M2(1− 1N )
∣∣∣∣∣∣√2
∑
i<j
bibj
aiaj
+
√
1− 1
K
∑
i
ci
ai
∣∣∣∣∣∣
2
(8)
where A = ΠMi=1ai. In the following, we ignore the cor-
rections 1/N and 1/K. While the factor (1− 1/N)−1 is
arguably negligible, dropping
√
1− 1/K only lowers p2
in the relevant regime (i.e., the interval I discussed later).
Formally, the task is now to minimize p2 for given
p1,M over the parameters of the ansatz state (6), that
is,
pmin2 (p1,M) = min
ψ:p1=const
p2. (9)
When this is done for all p1, one has to find the minimum
of all convex combinations for a bound on mixed states.
In our case, it will turn out that the lower bounds for
pure states are already convex implying that they are also
valid for mixed states. Then, one can invert the results
and determine the maximal M that is compatible with
a given pair (p1, p2). This bounds the M -separability of
the atomic state generated in the experiment.
Since the state (6) could contain further elements
not contributing to p1 and p2, one has in general that
|ai|2 + |bi|2 + |ci|2 ≤ 1 for all i. Thus the minimiza-
tion (9) has to be done over 3M complex parameters.
As discussed in the Supplementary Information, one eas-
ily shows that the complexity reduces to 2M real pa-
rameters as the optimal state has ai ≥ 0, bi ∈ R and
ci = −
√
1− a2i − b2i .
Lagrange multiplier
To solve Eq. (9), we use the Lagrange multiplier
method, which is suitable for constrained minimization
problems. In our case, we consider
f({ai, bi}i) = f2({ai, bi}i) + λ[f1({ai, bi}i)− C] (10)
with f1 =
√
Mp1 and f2 =
√
M2p2. The formulas for
the partial derivatives are given in the Supplementary
Information. The results are quartic equations with four
solutions for every group i > 1 that depend on the pa-
rameters of the first group a1 ≡ a and b1 ≡ b for all
i.
Note that the first solution (called the symmetric so-
lution in the following) implies that ai = a and bi = b.
The probabilities in this case read
psym1 = Ma
2M−2b2 (11)
and
psym2 = a
2M
(
1√
2
(M − 1) b
2
a2
+
c
a
)2
, (12)
with c = −√1− a2 − b2.
Fixing a, b of the first group determines the four pos-
sible solutions for every other group. A priori, the un-
knowns (a, b, λ) can be found by solving the remaining
equations ∂f/∂a = 0, ∂f/∂b = 0 and ∂f/∂λ = 0.
Given the complexity of the equations, this is analytically
not possible. Alternatively, one chooses for each group
i = 2, . . . ,M one out of four solutions, and solve Eq. (9)
numerically for (a, b). As a result, we find many local
extrema, from which one has to choose the global mini-
mum. Hence, we reduced the minimization problem to a
finite set of possibilities. The problem is the large number
of solutions. Due to symmetry, it is sufficient to deter-
mine the number of groups, mj , that are chosen to take
solution j = 1, . . . , 4 with the constraints m1 > 0 and∑
jmj = M (see Supplementary Information). In the
following, we call a certain choice C = (m1,m2,m3,m4)
a configuration. The number of configurations scales as
O(M3).
It turns out that most of the configurations are not
relevant for the following reason. For all M , there exist
states such that p1 > 0 and p2 = 0. Two analytic exam-
ples are (i) (a1, b1) = (0, 1) and (ai>1, bi>1) = (1, 0), re-
sulting in plim 11 = 1/M and (ii) a symmetric state where
one maximizes p1 given that Eq. (12) vanishes. The
solution plim 21 is a long and analytic expression which
scales as plim 21 = (eM)−1/2 + O(M−1). For M > 4,
plim 21 > p
lim 1
1 . Furthermore, the maximal p1 is given
by pmax1 = (1 − 1/M)M−1. We conclude that there is
a nontrivial interval I = [max(plim 11 , plim 21 ), pmax1 ] where
we look for the minimal p2. In the Supplementary Infor-
mation, it is shown that for large M , only the symmetric
solution lies in I. With a numerical study (an uncon-
strained maximization over (a, b)), we find that this hap-
pens when M > 53, but already for M & 30, we observe
that pmax1 − plim 21  1 for all nonsymmetric configura-
tions.
Numerically, we find that for all groups M ≥ 5, the
symmetric solution gives the global minimal p2. From
Eq. (11), we obtain b2 = p1/Ma2−2M and insert this into
Eq. (12), which has to be minimized. With the parame-
ters p1 andM , this is a single-parameter polynomial and
8hence a numerically stable minimization is possible. The
example M = 3 is discussed in the Supplementary In-
formation to demonstrate a case where a nonsymmetric
configuration realizes the global minimum.
SUPPLEMENTARY INFORMATION
Fluorescence measurement
The measurement of the incoherent reemission (the flu-
orescence) in the backward ~kb and the forward ~kf modes
shown on Fig 1(b) in the main text required several cor-
rections. First, the coupling efficiencies were measured
independently to be equal to more than 70% inside the
optical fibre. A slight imbalance in the couplings was
taken into account. Another correction was necessary
due to the non-perfect transmission of the narrow band-
pass filter (FWHM of 10 nm at 883.2 nm wavelength)
that was used in the backward mode. The transmis-
sion was measured to be 65% at the wavelength of the
heralded single photon. Finally, another correction is at-
tributed to the PBS used in the backward mode. To ap-
ply it the polarization state of the incoherent re-emission
has to be characterized. Due to the use of polarization
preserving quantum memory (consisting of two crystals
separated by the half-wave plate [19]) and a bow-tie con-
figuration, the polarization state of the fluorescence emit-
ted in backward and forward is close to a mixed state.
To confirm it we performed a polarization state tomogra-
phy of the emitted fluorescence. We obtained the purity
of 51% and the fidelity of 95% with respect to the com-
pletely mixed polarization state. Based on this result a
correction of 0.5 was used in all measurements.
In a single crystal, the absorption probability for every
spatial position inside the crystal is not the same. Hence,
the total probabilities to have incoherent reemission (the
fluorescence) in the forward or backward directions are
not equal. Assuming the total optical depth of the crys-
tal is d one can write the ratio J between emission rate
between two modes as
J =
2de−d
1− e−2d . (13)
However, due to the use of the double-pass configuration
in our experiment, this asymmetry disappears. More pre-
cisely, the amount of the emitted fluorescence in forward
and backward modes should be equal. This was verified
by the direct and simultaneous measurement of the flu-
orescence in both the forward and backward modes. We
found a ratio of at most J = 1.03(10) over a time interval
of more than 800 µs after the absorption of the optical
pulse, as shown on Fig. 3(a).
To measure the SNR the strong coherent state pulses
were coupled to the QM prepared in the crystal. Gen-
erally, the SNR is fundamentally limited by the number
of atoms N involved to the collective re-emission process
and can be expressed as
SNR =
η |α|2
|α|2/N + δ , (14)
where |α|2 is the absorbed mean photon number of the
coherent state pulse, η is the rephasing efficiency of the
QM and δ is the contribution from the intrinsic noise
of the detection system. This expression is correct for
a single coherent state pulse or in the limit of the low
repetition rate R of the experiment (R 1/T1, T1 being
the spin relaxation time). In the general case, taking into
account accumulation of the population in the excited
state which comes from many coherent state pulses one
can write SNR as
SNR =
η |α|2
|α|2/(N(1− e−1/RT1)) + δ . (15)
This expression can be used to verify the source of the
fluorescence and finally to estimate the number of atoms
that are contributing to the collective emission. First,
for the fixed repetition rate of R = 1 MHz, the in-
put intensity of the coherent state pulses was varied to
see the influence of the noise from the detection sys-
tem δ (Fig. 3(b)). The maximum measured SNR value
was 72 dB for the high mean photon number at the in-
put where the detector’s noise contribution is negligi-
ble. While decreasing |α|2 its contribution starts to be
more dominant which decreases SNR. The model based
on Eq. (15) and the independently measured parameters
explains well the obtained data.
Next, the repetition rate R was varied for the fixed
|α|2 which is high enough to make the detector’s noise
contribution negligible (Fig. 3(c)). In this case higher
values of the SNR can be obtained due to the lower ac-
cumulation of the population in the excited state (such
that R  1/T1 which corresponds to the highest SNR
value). The fluorescence lifetime T1 was measured to be
250 µs from separate measurement. The only free pa-
rameter to fit the data is the number of atoms N , which
was estimated to be 106.0(1) dB ≈ 4.0(1) × 1010 atoms.
The maximal SNR for the measurement with the her-
alded single photon is expected to be higher since the
spectral bandwidth of the AFC structure in this case is
five times larger. This means that the number of atoms
that contribute to the absorption of a single photon is
larger than the measured N . Nevertheless, we do not
correct the measured SNR but directly work with N .
Simplification of the minimization problem
Equation (9) is a constrained minimization problem
over 3M complex numbers. Here, we show how to reduce
the complexity with a few simple arguments.
9Figure 3. SNR measurement using strong coherent states. (a)
The fluorescence lifetime measurement in forward and back-
ward spatial modes. A lifetime of the excited state of T1 =
250 µs was obtained from the exponential fit. Both curves
overlap almost perfectly up to at least 800 µs after the ab-
sorption of the strong coherent pulse. The coherent emission
in the forward mode at 50 ns is not shown. (b) The measured
SNR in backward mode using strong coherent state pulses as
a function of mean photon number per pulse |α|2. Due to
the dominated contribution from the detector’s noise δ for
low |α|2 the SNR value goes down. The solid line is a model
curve based on Eq. (15) and independently measured param-
eters (with N as a free parameter). The repetition rate was
fixed to 1 MHz. (c) SNR as a function of the repetition rate
of the pulses for |α|2 = 106. The solid line is a fit based on
the Eq. (15) where the number of atoms N is the only free
parameter. The estimation gives at least N = 106.0(1) dB
which agrees well with the value obtained from the doping
concentration.
First, note that state Eq. (6) could be subnormal-
ized, because we neglect populations in other subspaces.
However, it is straightforward to see that subnormalized
states give the same (p1, p2) values as the renormalized
state mixed with the ground state. Hence, it is sufficient
to consider normalized states only.
Second, we choose ai ≥ 0 without loss of generality.
For the phases of the bi and ci, note that the bi dependent
term in Eq. (8) can be written as
∑
i<j
bibj
aiaj
=
1
2
(∑
i
bi
ai
)2
− 1
2
∑
i
(
bi
ai
)2
. (16)
Let us write bi = eiϕi |bi| and
∑
i bi/ai = e
iϕ¯|∑i bi/ai|.
Then, with ci = eiϑi |ci|, Eq. (8) reads
p2 =
|A|2
M2
∣∣∣∣∣∣ 1√2
∣∣∣∣∣∑
i
bi
ai
∣∣∣∣∣
2
− 1√
2
∑
i
e2i(ϕi−ϕ¯)
∣∣∣∣ biai
∣∣∣∣2 +∑
i
ei(ϑi−2ϕ¯)
∣∣∣∣ ciai
∣∣∣∣
∣∣∣∣∣
2
.
(17)
Clearly, the phases have to be set to ϕi = ϕ¯ and ϑi =
pi+2ϕ¯ in order to minimize p2. Without loss of generality,
we set ϕ¯ = 0 implying that bi ∈ R and ci ≤ 0. Note
that the case where
∑
i<j
bibj
aiaj
< 0 is not interesting here
because it is only possible for so-called subradiant states,
that is, states with lower intensity in forward direction
than the incoherent emission.
To summarize, we have ai ≥ 0, bi ∈ R and ci =
−√1− a2i − b2i , thus reducing the problem to 2M real
parameters. The simplified formulas read
p1 =
A2
M
(∑
i
bi
ai
)2
(18)
and
p2 =
A2
M2
√2∑
i<j
bibj
aiaj
+
∑
i
ci
ai
2 . (19)
Formulas from the Lagrange multiplier
The partial derivatives of Eq. (10) are
∂f
∂ai
=
f + λC
ai
− A
ai
√2bi
ai
∑
j 6=i
bj
aj
+
ai
ci
+
ci
ai
+ λ
bi
ai
 , (20)
∂f
∂bi
=
A
ai
√2∑
j 6=i
bj
aj
− bi
ci
+ λ
 (21)
and
∂f
∂λ
= f1 − C. (22)
From ∂f/∂bi = 0, we find
bi
ci
=
√
2
∑
j 6=i
bj
aj
+ λ, (23)
which we insert into ∂f/∂ai = 0 and find
1
aici
=
f + λC
A
. (24)
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Equation (23) can also be written as
bi
(
1
ci
+
√
2
1
ai
)
=
√
2
∑
j
bj
aj
+ λ. (25)
We notice that from ∂f/∂ai = 0 and ∂f/∂bi = 0 we find
Eqs. (24) and (25), where the right hand side for both is
independent of i. Hence, it follows that
aici = ajcj (26)
and
bi
(
1
ci
+
√
2
ai
)
= bj
(
1
cj
+
√
2
aj
)
(27)
for all pairs (i, j). Let us fix j = 1 and write a ≡ a1,
b ≡ b1 and c ≡ c1. Equations (26) and (27) thus give two
equations for two unknowns (ai, bi) (recall that ci is just
a function of ai, bi).
Inserting Eq. (26) into Eq. (27) allows to eliminate bi.
The remaining equation is a polynomial of degree four in
a2i . One finds the four solutions
ai =

a√
x0
3
(
1 + (−1)2/3x1
x2
+ (−1)−2/3x2
)
√
x0
3
(
1 +
x1
x2
+ x2
)
√
x0
3
(
1 + (−1)−2/3x1
x2
+ (−1)2/3x2
)
,
(28)
where
x0 = 1− a2 − 2
√
2ac, (29)
x1 = 1− 6c2 1− c
2 −√2ac
x20
(30)
and
x2 =
{
1− 3
√
3c2|b|
x30
[
2a2(1− a2)2 + 8c2(1− c2)2
+ 2
√
2ac
(
6a4 + 12c4 − 14c2 + 3 + 24a2c2 − 7a2)
+a2
(
48c4 − 36c2 + 48a2c2)− b2]1/2
−9c
2
x30
(
2a2c2 +
√
2ac
(
a2 + 2c2 − 3)+ b2)}1/3 .
(31)
The solutions for bi and ci follow accordingly.
0.28 0.29 0.3 0.31 0.32 0.33 0.34 0.35
p1
0
0.001
0.002
0.003
0.004
0.005
0.006
0.007
0.008
0.009
0.01
p2
Sampling
Full numerical search
[3 0 0 0]
[2 0 1 0]
Figure 4. Zoom in the (p1, p2) plane for M = 3. The thick
black curve is the full numerical minimization of p2 given p1.
The two colored, thinner lines are two relevant configurations
(red is the symmetric configuration). One clearly identifies
plim 11 = 1/3 and plim 21 ≈ 0.29. The full search follows the
minimum of the two configurations. Further confidence is
gained by sampling millions of states (blue dots).
Asymptotic formula for p1
To argue that for large M the only relevant config-
uration is the symmetric one, we calculate p1 for arbi-
trary configurations and show that all but the symmet-
ric configuration are asymptotically outside the relevant
interval I (see Methods). To this end, note the factor
A2 = ΠMi=1a
2
i in the Eqs. (18) and (19). For large M ,
this implies that almost all ai have to be very close to
one. However, solutions two to four in Eq. (28) are close
to zero for a close to one. Asymptotically, we expect that
ai = 1−O(1/M) to have a finite A. To see this, consider
b = β/
√
M and c = −γ/√M with β, γ = O(1) and do a
Taylor series of the solutions Eq. (28) around 1/M = 0.
One finds
ai =

√
1− (β2 + γ2)/M
√
γ(2M)−1/4 −
√
β
M
+O(M−3/4)
√
γ(2M)−1/4 +
√
β
M
+O(M−3/4)
γ√
M
+O(M−2)
(32)
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and
bi =

β√
M
1− 3γ
2
√
2M
− β
√
γ
2(2M)3/4
+O(M−1)
1− 3γ
2
√
2M
+
β
√
γ
2(2M)3/4
+O(M−1)
β√
M
+O(M−3/2)
(33)
We therefore see that only configurations with δm =∑4
j=2mj = O(1) asymptotically give finite values of A.
More explicitly, inserting Eqs. (32) and (33) into p1 for a
fixed configuration C with δm = O(1) gives
p1 = M
− 12 (m2+m3+2m4)(
2
1
2 (m2+m3)e−β
2−γ2β2γm2+m3+2m4 +O(
1
M
1
4
)
)
.
(34)
A simple calculation shows that the maximum of Eq. (34)
over all β, γ and δm > 0 is pmax1 = (e3M)−1/2 +O(1/M).
This means that for large enough M , all but the sym-
metric configuration exhibit a pmax1 that do not en-
ter the nontrivial interval I (which has a lower bound
(eM)−1/2 +O(1/M)).
Example M = 3
We discuss an example where a nonsymmetric solution
partially constitutes the global minimum. This is because
forM = 2, 3, 4, plim 11 > plim 21 (see Methods). ForM = 3,
one has plim 11 = 1/3 and plim 21 ≈ 0.29.
In Fig. 4, we compare the “full” numerical constrained
minimization of Eq. (19) without the Lagrange multiplier
method with a constrained minimization over (a, b) for
two relevant configurations C. We see that the kink for
the full minimization is nicely explained by the crossing
of the minimization for two different configurations.
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